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Cardinal Functions on Topological Groups

by
J. de Vries

‘hese notes we make some remarks about cardinal functions on topo-
cal groups. In Section 2 we introduce a new cardinal function on
class of all topological spaces, which function coincides with
LindelSf degree on all paracompact spaces. In Section 3 some
ications are made to topological groups, in particular to local-
.ompact Hausdorff groups. In the appendix we describe the weight,
local weight and the density of the space C(X) of all bounded
~valued continuous functions on a locally compact Hausdorff space
. terms of the weight and the Lindeldf degree of X; here C(X) is
ywed with the compact-open topology. Section 1 is devoted to the
nition of the several cardinal functions which we shall consider.
\ddition, some trivial remarks are made there about the behaviour

;hese functions on topological groups.

‘onventions and preliminaries

;hese notes a cardinal function is a function which assigns to

v topological space a cardinal number in such a way that equal
linal numbers are assigned to homeomorphic spaces.

e our motivation lies in applications to topological groups, and

r of the theorems about cardinal functions require the TO— separa-
| axiom for the topological spaces involved, we shall restrict our
:ntion from the outset to Hausdorff spaces (observe that any topo-
.cal group which satisfies the TO - separation axiom is a Hausdorff

e). In these notes every topological space is supposed to be a

sdorff space.
interior (closure) of a subset A of a topological space X is deno-

by int (A) (A, respectively). The symbol "c" is used in the strict
se. The formula "A G B or A = B" is abbreviated "A ¢ B".
cardinality of a set A is denoted by lAI; in particular, )%; = |m|.

1sual, R, Z and W denote the sets of the real numbers, the integers
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the non - negative integers, respectively.

we shall list some cardinal functions. Let X be a topological

e with topology T. Define

weight of X by

w(X): = min {|B| | B is an open base for X};

local weight of X by

x(X): = sup [min{|V| | V is a local base at x}1;
xeX

lensity of X by
A(X): =min {|A] | A c X & & = X};

sellularity (or Souslin) number of X by

c(X): =sup {|G] |GcTs&a disjoint};

.indeldf degree of X by

L(X): = min {KI each open covering of X has a subcovering

of cardinality «k}.

. systematical treatment of these cardinal functions we refer to
In that monograph also other cardinal functions are considered

‘he reader may find there many references to the literature.

'ollowing relations are well-known:

X[ )

c(X) <da(x) <w(x) <2 ;
L(X) < w(X);

a(x) x(x) < w(x).

ualities (1.1) and (1.3) are quite trivial, and (1.2) follows

is known that in locally compact Hausdorff spaces X even

X) < |X|; ef. [3], Theorem 3.6.9. See also [6], 2.2.
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n [3], Theorem 1.1.6). Our next observation concerns the Lindeldf

ree in locally compact spaces:

Let X be a locally compact space. For any infinite cardinal

number k, the following conditions are equivalent:

(1) L(X) < «;

(ii) X has a covering of cardinality K, consisting of

relatively compact, open sets;

(iii) X has a covering of cardinality K, consisting of

compact sets.

any completely regular space X we may define the uniform weight

X by:

u(X): = min {|U| I U is a base for a uniformity,

compatible with T}.

lously, we have

opological group is a group G endowed with a Hausdorff topology
h that the function

p: (s, t)1—> st—1 1 G XG>0

continuous. It is well-known that a topological group G is complet
regular, and that a locally compact topological group is para-

pact, hence normal (cf. [5], 8.4 and 8.13).




Lo

left uniformity for a topological group G is the unifo

as a base the family of sets

1

{(s,t) | (s,t) e G x G & s 't e U},

e U runs through a base for the neighbourhood system

tity e of G. It follows immediately that u(G) < x(a) (
uniformity is compatible with the topology of G), so

e in any topological group G we have

=
(]
1]
=
([®]
>
®]

:quently, for any topological group G,

x(G) < L(G) == L(G) = w(G) = 4(a).

rer, in any locally compact group G the inequality

) L(G) < 4(aG)

i, because G may be covered by d(G) translates of a cor

trical neighbourhood of the identity of G.

‘quently, for a locally compact group G there are four

which

, the




1. L(G) < a(a) = x(¢) = w(a),
2. L(G) < da(ae) < x(a) = w(a).

ice that in all finite and all infinite discrete groups we have
[n non-metrizable, o-compact groups, C.1 or C.2 holds.
shall give now some non-discrete, non-compact examples of all

sibilities.
IPLES.

G =R x Rd, where Rd denotes the additive group of the reals,
>wed with the discrete topology. Then

this example R, may be replaced by any discrete group of cardina-

da
y greater than_NB.

G = R. Now we have x(G) = L(G) =X.

Let k be any infinite cardinal number, and let GO be a product of
>pies of the compact circle group T(:= { A | A a complex number

X] = 1 }, this subset of the space of complex numbers being endowe«
1 the usual topology and complex mulitiplication).

ce GO is compact, L(GO) §=K6. In addition,

x(GO) = k and d4(G.) = log «,

o

re log k: = min {B| 2B >k} (ef.[6], 4.3 and 4.5).

< is a strong limit, i.e.
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VB : B < k == 2B < K,

n it is clear that logk =«; if, in addition, k > }%, then

have a group G, satisfying C.1.

0
: = 2B for some B i_2N?1 then

X

0 < logk < B <k,

that GO satisfies C.2.

lce that these examples are compact; for non-compact examples,
>ly replace GO by G : = GO x Z. Then all examples remain locally

»>act and non-discrete.

The function X —— n(X)

mm|

'his section we introduce a new cardinal function. Its most inte—
ing property seems to be that it equals the LindelSf degree on
'y paracompact space; in that case we have, in fact, to do with

t new properties of the function X »—— L(X) on the class of all

compact spaces.

NITION. Let X be a topological space with topology T, and let

n(Xx): = sup{|W| | W< T \{¢}, W is locally finite and

W is disjoint}.

A locally finite family of non-empty open subsets of X

which are pairwise disjoint is called a defining family

for n on X.

RK. For every topological space X the cardinal number n(X) is

-defined, since each defining family for n on X has cardinalit--
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is than or equal to c(X). In particular,

 first intention is to give another characterization of n(X) for

wces X such that n(X) 3_ﬂb.

1) < KB if and only if X is a finite, discrete space.

Before doing this, we shall prove that

JPOSITION 2.1. For every discrete space X we have
n(x) = L(x) = |X]|.

In addition, for every topological space X the inequality

2) n(X) < L(X)

holds.

)JOF. The first statement is trivial. To prove inequality (2.2),
1sider a defining family W for n on X. If UW = X, we have an open
rering of X which has no proper subcovering, so that L(X) i_IWI.
the other case, fix for every W e (/ an element tw € W. Since X is
lausdorff space and W is locally finite, T: = {tw\w e W} is a

ysed subset of X. Now W u {X \ T} is an open covering of X which

s no proper subcovering, so that L(X) iVIW| + 1. We have proved,

1t every defining family W for n on X satisfies |W| < L(X), so that
leed, n(X) < L(X). '

JPOSITION 2.2. The following conditions are equivalent in any

topological space X:

(i) |x]| < X5 (in which case X is discrete),

(i1) L(X) < X7
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In that case, n(X) = L(X) = |X].

F. Only (iii)== (i) needs a proof.

ose n(X) is finite; then there is a defining family W for n

with exactly n(X) members. Now W is a (finite) family of one-

t sets, otherwise some W ¢ W would contain two disjoint open sets
ad W2, and [W\{W}] u {W1, W2} would be a defining family for

X with n(X) + 1 > n(X) members. In addition, UW = X, otherwise
>pen set X\UW could be joined to W in order to get a contradiction

the definition of n(X). Consequently, X is discrete and finite.

JLARY 2.1, Let X be a non-finite space which is either separable

or a Lindeldf space.

Then n(X) =_N6.

3

'+ Use Proposition 2.2 and the inequalities (2.1) and (2.2).

. 2.1. Let X be a topological space and let W be a locally

n

finite family of non-empty open sets in X. Suppose

|| 3_}6. Then there is a defining family WO for n on X
such that |wof = |w].

— — — et et e

. Let & be the set of all defining families V for n on X which

fy the following conditions:

(1) V is a refinement of W, i.e. each V € V is con-
tained in some W e W,
(i1) each V € U meets only finitely many members of W,

(iii) each W € W contains at most one V ¢ V.
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show that & # ¢, select for some We W an element t € W and a
.ghbourhood V of t which meets only finitely many members of W.
m {V n W} e @,

’ine a partial ordering of & by

iIce any disjoint family V of non-empty open subsets of X which
;isfies conditions (i), (ii) and (iii) above is locally finite,

ice a member of ¢, & is inductively ordered by this partial orde-

1g. Consequently, by Zorn's Lemma, there is a maximal element

€ ¢. We claim, that |W| < j{é_lwo

ypose the contrary, i.e. _Na. |w01 < |w

. Since WO satisfies con-

;ion (ii) above, the collection

Wy =W [WelWe I Vel :VaWsz o)

cardinality

that W\W1 z ¢ let WO € w\w1. Now it is clear that WO U {wo} € 9,
ch contradicts the maximality of Wo. Hence Nb,lwo‘ i_|W\.

imilar argument shows that WO cannot be finite (because W is in-
ite), so that et lwoi = |w0|. It follows, that lwol > |w
ever, [W,| < |W| by condition (iii), hence Wy = |w].

POSITION 2.3. Let X be an infinite topological space. Then, if T

Ootes the topology of X,

3) n(X) = sup {|W| | W< T\{¢} & W is locally finitel.
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F. Denote the expression in the right hand side of (2.3) by n".
s trivial that n(X) < n*.

> X is infinite, both n(X) and n* are infinite.

squently, it is sufficient to prove that any locally finite

ly W of non-empty open sets gives rise to such a family wo which
in addition, disjoint and which satisfies the inequality

E.XB ]wo[. Indeed, then we have |W] f_ﬂ%. n(x) = n(x),

3 n* < n(X). Now, if W is finite, the existence of such a family
5 trivial, and if W is infinite, there is such a WO by the

:ding Lemma.

K. For finite spaces X with at least two points we have
* X
n - oIl 1= |X| = n(x).

‘quently, for such spaces Proposition 2.3 is false.

EM 2.1. For every paracompact space X the equality
n(X) = L(X) holds.

. For finite spaces the equality is trivial (cf. Proposition
sO we may assume that X is infinite.

. be any open covering of X. Because X is paracompact there is a
ly finite open covering AO of X such that AO is a refinement of
follows from Proposition 2.3 that IAO] j_n(X). Now it is easy
e that A has a subcovering of cardinality less than or equal

ol < n(x).
proves that L(X) < n(X). Since the inequality n(X) < L(X) is

ally true (cf. Proposition 2.1), the theorem is proved.

LARY 2.2, A paracompact space X is a Lindeldf space if (and only
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if) each locally finite family of non-empty open sets is

at most countable.

\OLLARY 2.3 In any metrizable space X we have

n(X) = L(X) = c(X) = a(x) = w(X).

JOF. For finite X everything is clear. For infinite X, the first
1ality follows from the fact that X is paracompact; the other
1alities may be derived from the formulas (1.1), (1.5) and (1.6);
ng the fact that u(X) = J<“O.

\WMPLES .

. Let X be a separable normal space which is not paracompact
(ef. [3], Exercixe 5.1.F). Since X cannot be finite, it follows
from Corollary 2.1 that n(X) = Nb. Since X is not a Lindeldf

)

space (otherwise X would be paracompact), we have L(X) > n(X) =2

Let X be the set of all ordinal numbers less than the first un-
countable ordinal, endowed with the topology which has all
order-intervals (4, BJ] as a subbase.

Then X is pseudocompact, i.e. every continuous real valued
function on X is bounded (cf. [3], Example 3.5.1: every real
valued continuous function on X is eventually constant). By a
well-known characterization of pseudocompactness, every defining

family for n on X is finite)1, so that n(X) < X5

On the other hand, L(X) = |X| > X{.

Jee, for example, part of the proof of Proposition 2.10 below.
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Let X =A UBwith A n B = ¢, A and B open in X, A an infinite
space which is not paracompact (e.g. the space of the preceding
example) and B a discrete space withIBl= L(A). Since L(X) =

L(A) + L(B) = L(A), and n(X) > |B|] = L(4), it follows from
Proposition 2.1 that n(X) = L(X). However, X is not paracompact,
because its closed subspace A is not paracompact. This example
shows that the converse of Theorem 2.1 is not generally true, not
even if X is assumed to be locally compact (this in contradis—
tinction to locally compact topological groups, which are always
paracompact) .

Cf. also Corollary 2.5 below.

1ay consider Theorem 2.1 as a statement about the Lindeldf degree

’he class of all paracompact spaces:

Whenever X is a paracompact space,

L(X) = sup { |w||w is a locally finite, disjoint family

of non-empty open sets}.

he other hand, Theorem 2.1 may be regarded as a characteriza-
. of n(X) for paracompact X. Now paracompactness is important in
ysis because of its relation with the concept of a partition of

Y.

11 that a family {fs | s € 8} of continuous functions on an
trary space X with values in the segment [0,1] is called a par-
on of unity provided that ) fS(X) = 1

seS

every x € X.

the proof of Lemma 2 to Theorem 5.1.3 in[3] it follows imme-

sly that for any partition of unity {fs | s € S} on an arbitrary
1ite space X the inequality |S| < n(X) holds (use Proposition 2.3).
srsely, let X be a completely regular space and W a defining
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mily for n on X. For every W € W there is a continuous function

: X — [0,1] such that fW(x) = 1 for some x € W and fw(y) = 0

r every ¥ € X\W., Because W is locally finite, the function g:

—— [0,1] defined by

g(x) = L (£ (0)] Well (xex)
continuous. Now {fw l We W u {1-g} is a partition of unity of
rdinality 3_[W|.

is proves:

OPOSITION 2:4.Let X be an infinite completely regular space. Then

b)) n(X) = sup {¢ | J partition of unity on X with k members}.

MARK. Let X be a topological space and let fn be the function which
defined by fn(x) =1 (x e X). Then {fn | n e W} is a partition
unity on X. This shows that Proposition 2.4 does not hold for

nite spaces X: the supremum in the right hand member of (2.L4) equals

'O- n(X).

call that a closed subset A of a topological space is said to be
gularly closed whenever A = int(A). It is easy to see that A is

gularly closed if and only if A = U for some open set U.

OPOSITION 2.5. Let F be a regularly closed subset of a topological

space X. Then we have n(F) < n(X).

QOF. Let {W | s € S} be a defining family for n on F.
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" each s € S, select VS c X such that VS is open in X and

= VS n F. Let U be the interior of F as a subset of X, so that
+ U. For each s € S, we have VS nU= ws # ¢, hence VS nuU=2z ¢,
sequently, {VS NnU | sesS}isa disjoint family of open subsets
X; it is even a defining family for n on X, i.e. it is locally
ite. Indeed, for any x € X\F the open set X\F is a neighbourhood
x which meets no VS n U. In addition, each x € F has a neighbour-
d O in X such that O n F meets Ws for only a finite number of
ments s € S, so that O meets only finitely many members of

nU | s e S} It follows, that |S| < n(X).

ause this holds for any defining family for n on F, the proof is

plete.

ARK. In Proposition 2.5 we cannot replace F by an arbitrary open
set or a closed subset of X.

give two examples:

Let X = {(x,y) | x e R&yeR&y > 0}, endowed with the topo-
7 defined by the following neighbourhood bases -of its points:

for y > 0, (x,y) has a local base consisting of open

discs in the plane with centre in (x,y) and radius < y;

for y = 0, (x,0) has a local base consisting of sets
C u {(x,0)}, where C is an open disc in the plane with

centre (x, z), z > 0, and radius z.

rly X i1s separable , so that n(X) i_'ﬂa. However,

= {(x,0) | X € R} is a closed subset of X, which has the dis-
e topology, so that n(F) = |R| > &b.
Let F be a locally compact topological space and let X be the
- Stone compactification of F.

F is open in X. Now ﬁ(X) < ﬂa because X is compact, but n(F)
be arbitrarily large (e.g. F discrete and 7| > ,Na).
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ice that the first example concerns a non-paracompact space X
jeed, L(X) = |R] >_Rg = n(X)),even a non-normal space. For para-

pact spaces we have

POSITION 2.6. Let X be a paracompact space and let A be an FO set
in X. Then n(A) < n(X).

OF. Since the assertion is trivial for finite spaces, we may

ume that X is infinite. For a closed subset B of any space Y the-
quality L(B) < L(y) holds, hence for the union A of countably many
sed subsets of X we have L(A) f__Nb. L(X) = L(X). But L(X) =

(X) and n(A) = L(A), because X and A are paracompact, so that,
sed, n(A) < n(X).

second example preceding Proposition 2.6 shows that in the

lowing result the inequality may be strict:

POSITION 2.7. Let U be an open subset of a topological space and

assume that U is dense in X.

Then n(U) > n(X).
OF. Straightforward.

cardinal functions n and L behave similarly under continuous map-
gs. Let X and Y be topological spaces and let f be a continuous
ping of X onto Y. Since f_1(W) is a defining family for W*on X
open covering of X) whenever W is a defining family for n on Y

open covering of Y, respectively) it is clear that

U1
~

n(Y) < n(X); L(Y) < L(X)

1s easily shown by examples that these inequalities may be strict,

ependent of each other:
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[ and Y are discrete and |y| 3 |X|, then both inequalities in
i) are strict (f any mapping of X onto v); if XO is a space such
, n(XO) < L(XO), if X is the ‘disjoint union of n(XO) copies of X

>
" is a discrete space of cardinality |Y| = n(XO), and f is the °
ous continuous mapping of X onto y, then n(y) = n(X) and L(y) <
X)s; if Yy is a space with n(y) < L(y) = |y| (ef. Example 2 after
rem 2.1), X is a discrete space with x| = |y| and £ is any

tion of X onto y, then n(y) < n(X) and L(y) = L(X).

11 that a continuous function f : X 5 ¥ is said to be a per-

mapping if f is closed and if, for every vyevy, f'T(y) is compact

JSITION 2.8. Let f be a perfect mapping of the topological space

X onto the space Y. Then

=
=
A
=
>
| A
S
=
=

If, in addition, either f is open or X is para-

compact, then

) n(y) < n(X) < o nly).

. The proof that L(X) < NB. L(y) is a straightforward modifi-
m of the proof that a space is compact if one of its perfect

s is compact (cf. [3], Problem 3Y and 5C for further referen-

uppose X is paracompact. By a well-known theorem of Michael, Y
racompact as well, so that in this case (2.7) is a direct con-
nce of (2.6) and Theorem 2.1.

ly suppose f is an open mapping. If Y is finite, then X is compact

at (2.7) is trivial (in this case, f is open !). If Y is infinite,
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n (2.7) follows from Proposition 2.3, once we have shown that
) is locally finite for any locally finite family W of subsets of
Let W be such a family and let y € Y.

compact set f_1(y) may be covered with a finite number of open
s, each of which meets only finitely many members of W. Let U
ote the union of these open sets and let V : =Y\f(X\U). Then V
an open neighbourhood of y (f is a closed mapping) and V meets
y finitely many members of f£(W) (Vnf(W) #¢ implies that

#¢). This completes the proof.

ut the behaviour of the functions n and L under the formation of
ological products no more can be said, in general, then what fol-

s from (2.5) : if X = 7 Xa’ where Xa is a topological space for
o€eA

h o e A, then

8) sup n(X ) < n(X); sup L(X ) < L(X) .
o€A o€A

inite products of two-point spaces show that the first inequality
be strict, and the product of the Sorgenfrey-space (i.e. R with
half-open interval topology) with itself shows that the second
quality may be strict. However, if X is infinite and locally com-

t, we have L(X) = sup L(Xa) (use the result on p. 3).

ally, we consider topological direct sums. We start with a

eral result:

POSITION 2.9 Let X be an infinite topological space and let F be

a locally finite covering of X consisting of non-

empty regularly closed sets.

Then

9) n(x) = |F|. sup n(F).
FeF
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OF. It is clear that {int (F) | F ¢ F} is a locally finite family
non-empty open sets. So by Proposition 2.3 we have
< n(X). 1In addition, for every F ¢ F, n(F) < n(X) by Proposi-

n 2.5. Since n(X) is infinite this proves that

n(x) > |F

. sup n(F).
FeF

prove the converse inequality, consider an arbitrary defining

ily W for n on X. For each F ¢ F, define
We 2 ={Wnint(F)| We W& Wn int(F) =¢}.

1 WF = ¢ or WF is a locally finite, disjoint family of non-empty

1 subsets of F. In each case we have ]WFI < n(F).

let W' = Ul | F e F}; then w' > |w|.

[

ted, F is a covering of X, so that for each W ¢ W there is an
F such that Wn F #¢. However, F = int(F), so that
int(F) #¢. Consequently, each member of the disjoint family W

;ains at least one element of wT, so |w1| > |w

)yining our results, we get

Wl < '] < |F

. Sup IWF] < |F|. sup n(F).
FeF FeF

e this holds for any defining family W for n on X, it follows

(@
~r

n(x) < |F

. sup n(F),
FeF

the proof is finished.

RK. In the second half of the proof we did not use the fact that
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ls infinite, so that (2.10) holds for finite spaces as well. It is
5y to see that (2.9) is false, in general, for finite spaces, un-

s5s F is disjoint.

OLLARY 2.L. Let X = U {X | @ € A}, each X, open in X and the X 's

pairwise disjoint

Then

11) n(x) = |A|. sup n(x,)
aeh

In particular, if, for each a € A, n(Xa) < |a],
then n(X) = |A| and {x, | o € A} is a defining family

for n on X of cardinality n(X).
JOF. For finite spaces X the result is trivial, and for infinite

ices X the result follows immediately from Proposition 2.9, since

th Xu is open and closed in X, hence regularly closed.

1ARK. Similar methods show that in the situation of Corollary 2.4

have

12) L(X) = |A

. sup L<Xu)
o€l

1sequently, if for each o € A we have L(Xu) §_|A|, then L(X) = |A].
that case we have also n(Xa) < |A| for each o ¢ A (cf. Proposition

1), hence n(X) = L(X) = |A].

R0LLARY 2.5. Let X be the disjoint union of k mutually disjoint

open sets, each of which is a Lindeldf space. If « is an

infinite cardinal number, then we have n(X) = L(X) = k.
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JF. Cf. the preceding Remark.

next lemma is well-known (cf. [4], 15Q). We insert a proof of it,

wse in the sequel we need some parts of this proof.

A. 2.2. Let X be a completely regular space. The following condi-

tions are equivalent:

(1) X is pseudocompact, i.e. every real-valued continuous

function on X is bounded,

(ii) X is totally bounded in any of its admissible unifor-

mities.

F. (i) == (ii). Assume that U is an admissible uniformity of X

that X is not totally bounded with respect to U. Then there are

e U and a sequence {x } in X such that, for every k e N,
*k "kelv

xk) | k € N} is a disjoint family, and, consequently,

| k € N} is a locally finite, disjoint family of subsets of X,

I
¢ v {u(xi) | 1 <i <k}, Now let B ¢ U, g~ = B and Bh c a.
of which has a non-empty interior (hence {int (B(xk)) | kx e W}

defining family for n on X).

omplete regularity, for every k € N there is a continuous function

X > [0,k] such that fk(xk) = k and fk(y) = 0 for every y e X\int B(:ck).
she function f : x —— Z{f ) | k € N} is well-defined

continuous (for {B(x,) | k € N} is locally finite). However, f is

oounded, so that X is not pseudocompact.
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)= (i). Let UO denote the weakest uniformity such that every
l-valued continuous function is uniformly continuous. Because X is

pletely regular, U, is admissible, so that X is totally bounded

0
h respect to UO. Now it is easy to see that each continuous real-

ved function on X is bounded.

POSITION 2.10 Let X be a locally compact paracompact space. Then

n(X) = L(X). In addition, there is a defining famil

for n on X of cardinality n(X) if and only if X is

either finite or non-compact.

OF. It follows from Theorem 2.1 that n(X) = L(X).

the second statement we consider two cases.

st assume X is not o-compact. Then it follows from [2], Theorem
9.5, that X is a disjoint union of o-compact subspaces Xu’ each of
ch is open in X. Since there must be uncountably many of these Xa’
follows from Corollary 2.4 that X has a defining family for n on X
cardinality n(X).

assume X i$ o-compact, but non-finite. Then n(X) = Kb, and we

e to prove that there exists a countable defining family for

n X if and only if X is non-compact. In the case that X is not
udocompact the existence of such a family follows immediately from
preceding Lemma and its proof (the first half of (i) - (ii)).
sequently, the proof is finished as soon as we have proved that a
udocompact, paracompact locally compact space X is compact. The

of 1s almost trivial: since X is locally compact and paracompact,
ay be covered by a locally finite family of relatively compact,

n sets. Since X is pseudocompact this family must be finite, other
e we could construct a disjoint sequence of non-empty open sets

ch is locally finite (cf. also Lemma 2.1); then the second part of
proof of (i)= (ii) in the preceding Lemma would show that X

e not pseudocompact. Now X is covered by a finite collection of




.

atively compact sets, hence X is compact.

versely, if X is compact, each defining family for n on X is finite.
ced, X may be covered by a finite number of open sets each of which
’s finitely many members of such a family. Hence X cannot have a

ining family for n on X of cardinality n(X), unless X is finite.

she preceding results we have already given a partial answer to the
stion what classes of topological spaces X admit a defining family
n of cardinality n(X). It is already shown that the class of all

nite compact spaces must be excluded (Proposition 2.10). On the

'r hand, if n(X) is a successor cardinal, i.e., if
csup (A | A < n(X)} < n(X),

X has a defining family for n of cardinality n(X).

ddition to these trivial facts we have

OSITION 2.11. An infinite topological space X admits a defining

family for n of cardinality n(X) if and only if there is

a locally finite covering F of X, consisting of non-empty

regularly closed sets with pairwise disjoint interiors

such that, for every F ¢ F, n(F) i.lF

.

. Assume that W is a defining family for n on X such that

=n(X). If UIW | We W = X, let F: = {7 | We W}; in the other
, let F @ = {X\UW} v {W | We Wy )*. In both cases F is a cove-

of X, consisting of non-empty regularly closed sets. In addition,
W e W} is locally finite, and, consequently, F is locally finite
211. That {int (F) | F ¢ F} is a disjoint family follows from the

It should be observed, that Ul = U{W | W ¢ W}.

|
b
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> that for open subsets U and V of X always

UnVs=g > int(U) n int(V) = ¢ .
1lly, for every F ¢ F, n(F) < n(X) = |F| by Proposition 2.5.
"if" part of our Proposition is an immediate consequence of

»osition 2.9,

[he Lindellf degree_on locally compact groups

ls well-known that every locally compact (Hszusdorff !) topological
1ip G is a disjoint union of pairwise disjoint, open subsets, which
o-compact. Indeed, let U be a symmetrical, compact neighbourhood

the identity of G and let G. : = u{u™ | n € N}. Then G, is an open

0 0
group of G and GO is o-compact. Now G is the union of the distinct
t cosets of GO, which are pairwise disjoint, open in G and

ompact. These cosets are, in addition, homeomorphic with GO. It
lows, that

ﬁ(G) = [G : GO]-n(G ); L(G) =[G : G 1. L(G.)

0

. (2.11) and (2.12)). Here [G : GO] is the index of GO
t is the cardinality of the set of all left cosets of GO in G.

in G,

sequently, if G itself is not o-compact, we have

the family of left cosets of G. is a defining family for n on G.

the other case, we have n(G) = g(G) = |G| whenever G is finite and
) = L(G) = _XB whenever G is infinite and o-compact. In the latter
e, G has a defining family for n if and only of G is non-compact.

may form such a family by translating a sufficiently small compact
ghbourhood of the identity of G over a suitable sequence of points

G (ef. the corresponding part of the proof of Proposition 2.10,

t is, in fact, the first part of the proof of (i) —— (ii) in
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ma 2.2).

se facts for a locally compact group G might also be derived as

2ct consequences of Proposition 2.10, because any locally compact
ip G is paracompact (since G is a disjoint union of open, o-compact
sets, as we have seen above).

ming, we have

20SITION 3.1. In a non-compact, locally compact topological group

G the LindelSf degree satisfies the equality

L(G): =max {| 0 | | Wis a disjoint, locally finite

family of non-empty open sets in G}.

'his context it is tempting to mention a result due to O.T. Alas
Recall that the Haar measure u on a locally compact, non-discrete

lp G satisfies the conditions

(M;) ¥ x e Gt u({x}) =0

(M2) VAcG: Ais a Borelset = u(A) = inf{u(U) | AcvU
& U open}

(M3) VAc G, A aBorelset: A is open or A has a

o-finite measure == u(A) = sup{u(X) | K c A &

& K compact}.

eneral (M3) is not true for arbitrary closed subsets of G, and the

1 counter example is a closed subset of G which is a local null-

but not a null set (cf. [5], 11.33). Notice that any discrete closed
et A of G is locally null: for each compact K € G, Kn A is finite,
= u(KnA) = 0 by condition (M1) above. In particular,

) sup{u(K) | Kc A &K compact} = 0,

the problem is to find such a set A with u(A) > 0;

lew of condition (M3) such a set A cannot have a (0-)finite measure,
12t u(A) = », The result of O.T. Alas, referred to above, may now
>rmulated in the following way:
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20SITION 3.2. Let G be a non-discrete locally compact group. The

following conditions are equivalent:

(i) G contains a discrete closed subset A such

that p(A) = «;

(i1) L(6) > X

(iii) G is not o-compact.

JF (ii) <= (iii). Trivial.

) => (i), If (ii) is satisfied, there is an uncountable defining

1y W for n on G (Proposition 3.1). For each W e W, let tw € W, and
A: = {tw | We W}, Then A is a discrete subset of G, and A is

sed because W is locally finite.

)ose for some open V 2 A we have p(V) < =, Because W is a disjoint
1y of u-measurable sets, it follows that for any k € N only finitely
rWe W satisfy the inequality u(Vaw). > %-. Consequently, u(VnW) > 0
at most countably many W e W.

e any open subset U of G is non-empty if and only if u(U) > 0, it
.ows that V.n W 2 ¢ for at most countably many W € W. This con-

licts the fact that t, e VnWfor every W e W and that |W| >.Nb.
sequently, u(V) = « for every open V 2 A, so that u(A) = « by (M2)°
— (iii). Suppose G is o-compact. Then each closed subset of

; a Borel set with a o-finite measure. In particular, for any

:rete closed subset A of G the equality u(A) = sup {u(K) | K c A &
compact} holds, so that u(A) = 0 by (3.2).

JLLARY. The Haar measure u in a locally compact, non-discrete group
G satisfies (M

3) for any closed subset of G if and only if
G is o-compact.

JF. "If". cf. the proof of (i) ——> (iii) in the preceding Proposi-

t. "Only if": follows immediately from (iii)=—=> (i) of Proposition

{RK. This Corollary is exactly the Corollary in [1].




. for any open U c X: U =0 <—-—4(U) = 0), the following proper-
olds: any locally finite open covering of X has a countable
overing.

proof is essentially as follows (in our terminology):

proof of (ii)== (i) of the preceding Proposition yields that

< NB; then the result follows from our Lemma 2.1 (The regularity
seems to be superfluous, and we have shown, in fact, that any

lly finite open covering of X is countable).
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Theorem in [1] states that in any regular space X such that there )
measure u on the o-ring of Borel sets satisfying (M1), (M2), and
for every closed subset A of X, and whose support is all of X
nclude this Section with some remarks about locally compact abelian

»s which have nothing to do with local finiteness. In the Appendix

12ll prove that for any infinite locally compact space X the

lity x[C(X)] = L(X) is satisfied. Here C(X) denotes the space of

>ounded continuous real-valued functions on X endowed with the

ict-open topology.

-t G be non-discrete locally compact abelian group. By the

-ty theorem we may regard G as a subset of C(G"), so that

x(G) < x[C(G¢™)] = L(G™)

 we use only that G, hence G~, is not finite).

:rsely, the sets
{x | xe G &Vt eU: | x(t) = 1| < 3}
a covering of G~ with compact sets if U runs through a neighbour-
base of the identity e of G, consisting of relatively compact
bourhoods of e (cf, [5], 23.16, or any other proof that G is
1y compact).
L]

in any non-compact locally compact space X
L(X) = min{|K] |  is a covering of X by compact sets}
* is non-compact because G is not discrete, it follows that
< x(a).

quently, in any non-discrete, locally compact abelian group one has
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3) x(G) = L(G™);

ly one has, in any non-compact locally compact abelian group the

ality

L) L(G) = x(G7).

ginally (3.3) is due to Hewitt and Stromberg, who proved that, in
locally compact abelian group G, x(G) equals the minimal number-
compact sets with which G~ may be covered (cf. [5], 24.L48).

Section 1 we made a classification of the class of locally compact
ups on the hand of the inequalities between the several cardinal
ctions, in particular x and L.

ng (3.3) and (3.4), the following statements are clear:

POSITION 3.3 Let G be a non-discrete, non-compact locally compact

abelian group.

(i) G is of type (A) if and only G~ is of type (C).

In this case, d(G™) = d(G) or 4(G™) < 4(G), according to

the situation that G” is of type (C,)
or of type (Cg).

~ is of

g
)
=

(ii) G is of type (C) if and only if G

In this case, d(G) = a(G™) or 4(G) < a(g™),
according to the situation that G is of type (C,) or
of type (02).

(iii) G is of type (B) if and only if G~ is of type (B).

;

In all cases we have w(G) = w(G").

JF. We indicate only the proof of (i).
s of type (A) if and only if
x(G) < a(G) = L(G) = w(G).
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'3.3) and (3.4) this is equivalent to

equently, G~ is of type (C). Hence we have
L(G7) < a(G™) < x(G™) = w(G™).

e bear in mind that x(G*) = L(G) = w(G) = da(aq),

ything is now trivial.

RK. For groups which are discrete or compact we have the following

lways abelian):

If G is finite and discrete, G* is topologically isomorphic with

G, and both G and G~ are of type (A) )1.

If G is infinite and discrete, G~ is infinite and compact.
Now G is of type (A) and G~ is of type (B) or of type (C), accor-

ding to the case that G* is metrizable or not.

If G is infinite and compact, G~ is infinite and discrete.

Now G is of type (B) or (C) and G~ is of type (A).
However, in these cases we also have the equality w(G) = w(G™).

1) this is trivial.

)), notice that (3.4) applies, so that

e that w(G) = |G|, so that w(G~) = |g].

» do not consider the case (B), which applies only to a one-point
‘oup.

[ e
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lLly, in the situation of (c) we have by (3.3)

e w(G™) = |G].

for any locally compact abelian group G we have

the proof is based on (3.3) and (3.4) and some simple cardinal
thmatic (in the proof of (3.3) and (3.4) the duality theorem for
111y compact abelian groups is used). Another proof is included in

, 2h.1h,

\ppendix

results in this Appendix are probably well-known.
sver, the author was able to find in the literature only some

sements about these results in compact spaces.

rever X is a topological space, C(X) denotes the space of all
rded continuous, real-valued functions on X, endowed with the

sact-open topology. A local base at f e C(X) is formed by all sets

Uf(C,e): ={g | geC(X)&VxecC: | g(x) - f(x) | < e},

1 C a compact subset of X and € > 0. Observe that C(X) may be con-
sred as a topological group (addition as a group operation), so that

8) and (1.9) apply with G replaced by C(X).

POSITION L4.1. Let X be an infinite locally compact topological space.
Then x[C(X)] = L(X).

OF. Let {Ui | 1 € I} be an open covering of X such that each Ui 20,
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elatively compact, while |I| < L(X).
B denote the collection of all finite unions of members of
| i € I}; then |B] f_XB. L(X) = L(X), and every compact subset of

i contained in some member of 3. Now the family
{u,(U, %& | Ue B&ne N}

. base of the neighbourhood system of 0 in C(X), and the cardina-

~of this local base is < L(X).

equently, x[C(X)] < L(X).

ersely, let V be a local base at 0 in C(X), such that [V| = x[C(x)

each V € V, choose a compact subset Kv of X and an integer n, such
-1 _ -1

Uo(Kv,nv ) < V, and let Vo‘ = {UO(Kv,nv ) | Ve V.

VO is a local base at 0, and it is easy to see that any compact se

X must be contained in some Kv(V € V) (otherwise some U K,1)

of
ains no V e V). Hence

L(x) < | K, | VeVl ] < |V =xcx)1.

LLARY 4.1 Let X be a locally compact topological space. The space

C(X) is metrizable if and only if X is o-compact.

o

. The assertion is trivial for finite spaces X, so we may assume

X is infinite. C(X) is metrizable if and only if x[C(X)] = ¥,

1 is the case if and only if L(X) =~R6; the latter condition is

ralent with the o-compactness of X.

)SSITION 4.2 Let X be an infinite locally compact space. Then

dalC(x)] < w(X).

el
i
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OF. First we consider the case that X is compact (then the result
well-known, cf. [7], Proposition 7.6.5).

ause X can be embedded in [O,1]W(X> (L31, Theorem 1.2.8), there is
ubset ® < C(X) which separates the points of X with |e| = w(X).
follows from the Stone-Weierstrass theorem that the algebra A,
erated by ¢ is dense in C(X). Since |A] =,N6. |o| = w(X), this shows
£ alC(x)] < w(X).

versely, any dense subset of C(X) separates the points of X. Hence
h a subset of C(X) defines a Hausdorff topology in X which is
ker than the original compact topology of X. Consequently, any

se subset ¥ of C(X) defines the topology of X; if we take such a
ith |¥| = alC(X)], it follows immediately that

w(X) < N, |v| = alc(x)]

0

ause {f_j

(U) | Ue BO & f ¢ ¥} is a subbase forthe topology of
BO is a countable base for the topology of R). This proves our

jposition for compact spaces X.

the general case, let U = {Ui | i1 e I} be a family of open, rela-
ely compact, non-empty sets in X such that each compact set K ¢ Z
contained in some Ui’ and such that |I| = L(X) (cf. the proof of
position L4.1). For each i € I, let Fi be a set of functions which
dense in C(ﬁi) and such that |Fi| = d[C(Ui)].
ﬁi is compact, hence any f € C(ﬁi) can be extended to an element
C(X). For every f ¢ Fi’ choose such an extension T of f, and let
={f | fe F.1.
n IGiI = lFil = d[C(ﬁi)]. It is clear that the set

& ] i e I} is dense in C(X): for any g € C(X) and any basical
ghbourhood Ug(K,e) of g (e>0 and K ¢ X compact) there is an i € I
i

h that K ¢ ﬁi; now for some f e Fi we have sup { | f(x) - g(x) l]
Ui} < e, so that T e Ug(ﬁi,e) c Ug(K,e). Thus,




\RK. The inequality in Proposition 4.2 may be strict:

k be an infinite cardinal number such that log k < k (e.g. k =
let X be the discrete space with |X]

it is easy to see that d[C(X)] :_d(BX). Indeed, if F is dense in
nd we replace each f € F by the functions fn(nem), defined by
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alC(x)1 _f_, U Gi l = ,I,' sup lGil = L(X). sup d[C(
iel iel iel
ever, the result for compact spaces implies that, for every i € I,
are(T; ) = w(T,) < w(x),
that
dlC(x)] < L(X). w(X) = w(X).

f(x) whenever -n < f(x) < n,

fn(x) = -n  whenever f(x) < -n, I
n  whenever f(x) > n,
. we get a dense subset in C(X) of cardinality <X. |F| (a similar
edure shows, that C(X) has the same density as the space of all,
sibly unbounded), continuous functions on X into R for any locally

w(X) = L(X). a[lC(x)].

In particular, if X is o-compact, then we have

act space X, if both function spaces are endowed with the compact
topology).

ollows from [6], L.5 that d(RX) = log «, so that d[C(X)] < log « <
= w(X).

OSITION L4.3. Let X be any infinite locally compact space. Then
w(X) = alC(x)].
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JOF. We use the same notation as in Proposition 4.2.

:ause U is an open covering of X, we have

(u.) < |1]. (U.) = L(X). (T.).
) < o, o

|

w(X) <

i

m

ever, for each i ¢ I, we have w(I—Ii) = d[C([_Ji)]
:ause ﬁi is compact (cf. the first part of the proof of Proposition
), and d[C(Ui)] < d[C(x)1, because C(ﬁi) is the continuous

ge of C(X) under the restriction mapping f+— f | ﬁi“ Consequently,

w(X) < L(X).alC(:1)] < L(X). w(X) = w(X),

ch proves our result.

OLLARY. For any locally compact space X such that L(X) < w(X),
we have dLC(X)] = w(X).

OF. If L(X) < w(X), X must be infinite, hence
'(X)] < w(X). Suppose dLC(X)] < w(X). Then it follows from
position 4.3 that w(X) = L(X), a contradiction with w(X) > L(X).

POSITION 4.k, Let X be an infinite locally compact space. Then
w(X) = wlC(x)1.

OF. We use formula (1.8) with C(X) instead of G:

wlC(X)] = alc(x)1. x[C(x)].

e x[C(X)] = L(X), by Proposition L4.1. Now we distinguish two

sibilities:

alC(x)] = w(Xx). Now wLC(X)] = w(X). L(X) = w(X).

dlC(x)] < w(X). In this case the preceding Corollary implies that
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‘w(X) = L(X) = x[C(X)] < wlC(x)].

he other hand,

wlC(X)] = dlC(x)]. x[C(X)] < w(X). L(X) = w(X),
hat in this case we also have w[C(X)] = w(X).

LLARY. Let X be a o-compact locally compact space. Then X has a

countable base if and only if C(X) is a Lindeldf space.

F. We apply formula (1.9) with C(X) instead of G meking use of

preceding results, we get
w(X) = L(X). LLC(x)],

sver X is infinite. Since L(X) f__Ng, it follows that w(X) = LLC(X)
1t, indeed, w(X) f_ﬂb if and only

C(x)1 < ,NB. For finite spaces X, C(X) is homeomorphic with the
mpact space R® (with n = |X] ), so that C(X) is in this case a

:10f space as well.

(K. For finite, discrete spaces X we have

dlC(x)] = x[C(X)] = wlC(X)] = A'g
ise C(X) is homeomorphic with R™ (with n = |X| ).

T these spaces the Proposition 4.1 through L.4 are false.

inal remark we wish to make is, that we have not used the fact
the elements of C(X) are bounded functions. Thus, if we had
ed C(X) as the space of all real-valued continuous functions on

dowed with the compact-open topology, the same results would  have
obtained.
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